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Abstract
We probe the theoretical connection among three different approaches to analyze the entanglement of
identical particles, i.e., the first quantization language (1QL), elementary-symmetric/exterior products
(which has the mathematical equivalence to no-labeling approaches), and the algebraic approach based
on the GNS construction. Among several methods to quantify the entanglement of identical particles,
we focus on the computation of reduced density matrices, which can be achieved by the concept of
symmetrized partial trace defined in 1QL. We show that the symmetrized partial trace corresponds to
the interior product between exterior (or elementary symmetric) state vectors, which also corresponds
to the subalgebra restriction in the algebraic approach based on GNS representation.
1 Introduction
Quantum entanglement is one of the crucial quantum concepts which reveals the essential feature of quantum
physics. It implies the possibility of composite systems that cannot be described as a simple collection of
individual subsystems, even when the subsystems locate far from each other [1, 2]. It is also exploited
as a crucial resource to enable several tasks with quantum speedup [3]. One of the insightful approaches
to analyze the entanglement of a given quantum system is to use the partial trace technic. Intuitively,
if a multipartite quantum system is entangled, a subsystem of the quantum system has some nonlocal
(measurement-dependent) correlation with the “outer world” in the total system. The information on the
correlation is encoded in the reduced density matrix, a quantum state acquired by partial tracing the outer
part of the total state.
For the case of non-identical particles, in which each particle resides in a distinguished Hilbert space, the
concept of the partial trace is well-defined. On the other hand, in the case of identical particles (both bosons
and fermions), individual particles do not reside in independent Hilbert spaces, by which the concept of
partial trace seems inappropriate to obtain reduced density matrices suitable for analyzing the entanglement
of identical particles. Several alternatives have been suggested to overcome this problem.
An algebraic approach (AA) based on Gel’fand-Naimark-Segel (GNS) construction is suggested by Bal-
achandran et al. [4,5]. They demonstrated that, instead of partial trace, a restriction to a chosen subalgebra
of observables provides a sound tool to compute the entanglement entropy (the importance of subalgebras
for interpreting the entanglement of identical particles in the second quantization language (2QL) is also
pointed out in Ref. [6–8]). On the other hand, a non-standard approach (NSA) [9–11] describes the identical
particles without introducing particle pseudo-labels. By extracting the transition relations of wave functions
from the symmetric properties of identical particles, partial trace can be defined in the no-labeling formalism
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(the same process was reproduced in the second quantization language in Ref. [12]). Also, the concept of
symmetrized partial trace for identical particles in the first quantization language (1QL) was introduced in
Ref. [13]. By applying the symmetrization principle for identical particles not only to wavefunctions but also
to detectors, the reduced density matrix that preserves the particle label symmetry can be derived (for more
discussions on the entanglement of identical particles from various viewpoints, see Refs. [14–29]).
Hence, one can state that there exists a seemingly incompatible standpoint on the validity of the partial
trace in the problem of entanglement of identical particles. However, considering that all the above theories
deal with the same physical systems, one can surmise that this seeming inconsistency must be reconciled by
examining the resultant quantities or the formal structures. In this work, we show how the aforementioned
different approaches can translate and provide fundamentally equivalent results to each other.
In the course of delving into the issue, we utilize the elementary symmetric product (for bosons) and
the exterior product (for fermions) to demonstrate the indistinguishability and projection rules for identical
particles. It will be shown that the symmetrized partial trace of identical particles is equivalent to the
interior products between elementary symmetric (for bosons) and exterior (for fermions) state vectors, which
is equivalent to the restriction to a subalgebra on GNS representation.
2 The first quantization language
The discussion in the section is the extension of the Sec. II of Ref. [13] so that it can be applied to both
bosons and fermions.
Suppose that N identical particles are in a physical system. In 1QL, a particle with label A in a state
Ψ contained is decribed by |Ψ〉A (note that this label cannot be addressed individually, hence we say it
“pseudo-label”), where Ψ includes the position ψ and internal state s, i.e., Ψ = (ψ, s). Then the transition
amplitude of |Ψ〉A to another state Φ〉B is given by
A〈Φ|Ψ〉B = 〈Φ|Ψ〉δAB . (1)
Then the total state of N identical particles in states Ψi (i = 1, . . . , N) with pseudo-labels Aa (a =
1, . . . , N) is expressed as
|Ψ1,Ψ2, · · · ,ΨN〉 =
1
N (Ψ)
[ ∑
σ∈SN
(±1)σ|Ψ1〉Aσ(1) |Ψ2〉Aσ(2) · · · |ΨN〉Aσ(N)
]
, (2)
where the sign in the signature of σ is + for bosons and − for fermions. Eq. (1) and (2) presents that the
transition amplitude from |Ψ1, · · · ,ΨN〉 to |Φ1, · · · ,ΦN 〉 is given by
〈Φ1, · · · ,ΦN |Ψ1, · · · ,ΨN〉
=
1
N (Φ)N (Ψ)
∑
ρ,σ
(±1)ρ(±1)σ
N∏
i=1
〈Φρ(i)|Ψσ(i)〉. (3)
By the definition of a matrix A with imposed as Aij = 〈Φi|Ψj〉, Eq. (3) is proportional to the matrix
permanent and determinant of A for bosons and fermions repectively.
To express subsystem wavefunctions that contain n (≤ N) identical particles in states (Ψ1, . . . ,Ψn), the
partial wavefunction |Ψ1, · · · ,Ψn〉 for the subsystem also should be symmetrized with respect to the particle
labels. The most general form that satisfies the exchange symmetry is given by
|Ψ1, · · · ,Ψn〉 = N[n](Ψ)
N∑
a1<···<an
=1
eiθa1···an
∑
σ∈Sn
(±1)σ|Ψ1〉Aa1 · · · |Ψn〉Aan , (4)
where 1 ≤ ap ≤ N for all p = 1, · · · , n. Note that θa1···an for each {a1, · · · , an} does not affect the anti-
symmetric property of the subsystem state, hence can be chosen arbitrarily 1. For the case of boson, all the
phases θa1···an can be set to zero [13].
1This phase ambiguity implies a kind of gauge symmetry of 1QL to 2QL, of which the physical meaning seems unclear for
now.
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With Eq. (4), we can define the partial trace of a given density marix ρ over a subsystem S with n
identical particles. Since the resultant reduced density matrix also preserves the pseudolabel exchange
symmetry, the partial trace for identical particles in 1QL is dubbed symmetrized partial trace [13]. Supposing
{|Φa1 , · · · ,Φ
a
n〉}a composes the complete symmetric computational basis set of n particles in the subsystem
S, the identity matrix for S is expressed with
IS =
∑
n∈SSR
∑
a
|Φa1 , · · · ,Φ
a
n〉〈Φ
a
1 , · · · ,Φ
a
n| (5)
where the summation over n means that we have to add the states for all possible n that preserve the
superselection rules (SSR, the particle number and parity SSR for bosons and fermions respectively [30–32]).
Then the reduced density matrix of the subsystem S¯ by the symmetrized partial trace over S is given by
ρS¯ = TrS(ρ) ≡
∑
n∈SSR
∑
a
〈Φa1 , . . . ,Φ
a
n|ρ|Φ
a
1 , . . . ,Φ
a
n〉. (6)
With the reduced density matrix ρS¯ , we can evaluate the amount of entanglement that is detectable and
physical. The extension of the argument to a mixed state case ρ =
∑
a ψa|Ψa〉〈Ψa| (ψa ∈ R
+,
∑
a ψa = 1)
is straightforward.
3 From 1QL to symmetric-exterior algebraic (SEA) approach
The computations in Sec. 2 can be reproduced using the tensor algebra methods with suitable symmetries for
identical particles [11, 32]. In this section we provide a mathematical analysis on the relation of 1QL to the
symmetric-exterior algebra (SEA). Since bosons (fermions) are odd (even) under the exchange of particles,
they are described in the symmetric (exterior) products.
From a given tensor x, one can impose a exchange symmetry with a proper mapping. Let {eˆ1, · · · , eˆN}
be a basis set of a N -dimensional vector space V and {eˆ∗1, · · · , eˆ∗N} its dual, so that the inner product
among them is given by (eˆa, eˆ
∗b) = δba. Then the elementary symmetrizing map S
(k)
e (x) of a given tensor x
is defined as follows:
Definition 1. For an arbitrary k-th tensor power T kV and a tensor x =
∑
i1,··· ,ik
xi1···ik eˆi1 ⊗ · · · ⊗ eˆik in
T kV , the elementary symmetrizing map S
(k)
e (x) is defined as
S(k)e (x) =
∑
i1,··· ,ik
xi1···ikS(k)e (eˆi1 ⊗ · · · ⊗ eˆik) (7)
where
S(k)e (eˆi1 ⊗ · · · ⊗ eˆik)
=
1
k!
k∑
a1,··· ,ak=1
|ǫia1 ···iak |(eˆia1 ⊗ · · · ⊗ eˆiak ) (8)
(|ǫia1 ,··· ,iak | is the absolute value of the Levi-Civita symbol, which vanishes when iak = ial for any k and l).
Note that the elementary symmetrizing map S
(k)
e projects out any elements of x that satisfy ia = ib
(1 ≤ a, b ≤ k). For example, when x =
∑N
i,j=1 x
ij(eˆi ⊗ eˆj), we have
S(2)e (x) =
∑
i,j
xijS(2)e (eˆi ⊗ eˆj)
=
1
2
∑
i,j
xij |ǫij |(eˆi ⊗ eˆj + eˆj ⊗ eˆi)
=
∑
i6=j
(xij + xji
2
)( eˆi ⊗ eˆj + eˆj ⊗ eˆi
2
)
. (9)
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The elementary symmetrizing map is simply denoted with the the elementary symmetric product ∨ as
v ∨ w ≡ S(k)e (v ⊗ w) (10)
where v ∈ T lV and w ∈ T (k−l)V .
Defining |Ψˆi〉 =
∑N
a=1 |Ψi〉Aa eˆ
∗a, which is a vector in V that is invariant under the exchange of pseudola-
bels, an N -boson total state |Ψ〉b = |Ψ1, · · · ,ΨN〉b is expressed by the exchange symmetry as
|Ψ〉b
=
∑
σ
|Ψ1〉Aσ(1) |Ψ2〉Aσ(2) · · · |ΨN〉Aσ(N)
=
N∑
k1<···<kN
=1
(eˆk1 ∨ · · · ∨ eˆkN , |Ψˆ1〉 ∨ · · · ∨ |ΨˆN〉) (11)
(note that the equalities hold upto normalization). And the n-boson subsystem state (Eq. (4) is written as
|Ψ1, · · · ,Ψn〉
b
=
N∑
a1<···<an
=1
eiθa1···an
∑
σ∈Sn
|Ψ1〉Aσ(a1) · · · |Ψn〉Aσ(an)
=
N∑
k1<···<kn=1
eiθk1···kn (eˆAk1 ∨ · · · ∨ eˆAkn , |Ψˆ1〉 ∨ · · · ∨ |Ψˆn〉). (12)
Note that the phase ambiguity of Eq. (4) can be restricted to the complex coefficients of the n-dimensional
basis vectors eˆAk1 ∨· · ·∨ eˆAkn in Eq. (12). Considering the phase ambiguity is a purely mathematical feature
that has no physical implication, one can state that |Ψˆ1〉 ∨ · · · ∨ |Ψˆn〉 (1 ≤ n ≤ N) have the complete
physical information on the total and sub- states for a set of identical bosons. Hence, any subset of a given
N identical bosons can be exactly represented as an elementary symmetruc product of single particle vectors
|Ψˆi〉 that is invariant under pseudolable exchanges. From now on, we call such elementary symmetric vectors
“elementary symmetric state vectors.”
The connection of bosonic states to the exterior state vectors provides an intriguing insight on our
physical system. Considering the bra states 〈Ψn, · · · ,Ψ1| (≡ (|Ψ1, · · · ,Ψn〉)†) are expressed likewise with
the symmetric products of 〈Ψˆi| =
∑
k〈Ψi|
AkeAk , one can see that the projection of |Φ1, · · · ,Φm〉 onto
|Ψ1, · · · ,Ψn〉 (1 ≤ n ≤ m ≤ N) is replaced with the interior products of 〈Φˆn|∨· · ·∨〈Φˆ1| and |Ψˆ1〉∨· · ·∨|Ψˆm〉.
For example, when n = 1, the interior product of 〈Φˆ1| and |Ψˆ1〉 ∨ · · · ∨ |Ψˆm〉 is given by
〈Φˆ1| · |Ψˆ1〉 ∨ · · · ∨ |Ψˆm〉
=
∑
j
〈Φ1|Ψj〉|Ψˆ1〉 ∨ · · · ∨ (|Ψˆj〉) ∨ |Ψˆm〉 (13)
(here (|Ψˆj〉) means that |Ψˆj〉 is absent in the exterior state vector). For n = 2, we have
〈Φˆ1| ∨ 〈Φˆ2| · |Ψˆ1〉 ∨ · · · ∨ |Ψˆm〉
= 〈Φˆ1| · (〈Φˆ2| · |Ψˆ1〉 ∨ · · · ∨ |Ψˆm〉)
=
∑
j
(−1)j−1〈Φ2|Ψj〉(〈Φˆ1| · |Ψˆ1〉 ∨ · · · ∨ (|Ψˆj〉) ∨ |Ψˆm〉)
=
∑
j,k
(−1)j+k〈Φ1|Ψj〉〈Φ2|Ψk〉
×
[
|Ψˆ1〉 ∨ · · · ∨ (|Ψˆj〉) ∨ · · · ∨ (|Ψˆj〉) ∨ · · · ∨ |Ψˆm〉
]
. (14)
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The same operation can be applied to an arbitrary n. Then from the projected vectors such as Eqs. (13)
and (14) we obtain the reduced density matrix in a given subsystem. The algebraic relation of states defined
in NSA [11] is equal to the interior product Eq. (13), which means that the physical states in NSA are
operationally equivalent to the elementary symmetric vectors.
The reduced density matrix for identical bosons is defined the interior products of elementary symmetric
states, which is equivalent to Eq. (6). One can analyze the entanglement of fermions in the same way by
replacing the elementary symmetric algebra with exterior algebra [33].
4 Algebraic approach
As we have discussed so far, the identical fermions (bosons) are described with the formalism of exterior
products (elementary symmetric products). The relation of the physical systems of identical particles with
tensor algebras is summarized in the following table.
a set of identical particles tensor algebra
fermionic state exterior vector
(bosonic state) (elementary symm. vector)
symmetric partial trace interior product
subsystems graded structure
The tensor product ⊗ for the entanglement of non-identical particles is replaced with the exterior (ele-
mentary symmetric) product ∧ (∨) for fermions (bosons). On the other hand, the entanglement of identical
particles is a detector dependent quantity, which is determined by the spatial relation of particle wavefunc-
tions to orthogonal detectors (which can be interpreted as coherence [13]). Hence, the separability of a
given state is not completely determined by the mathematical structure of the wavefunction itself. More
concretely, if a state of N identical particles is written as a single state vector in the detector basis, it is
separable. But the inverse is not true.
Any state of identical particles has intrinsic correlations among single-particle spaces. In other words,
for a single particle Hilbert space H(1), the anti-symmetrization (symmetrization) of fermionic (bosonic)
wavefunctions sends the total Hilbert space H = H(1)⊗N to H =
∧N H(1) (H = ∨N H(1)). Since the total
Hilbert space is invariant under the action of the algebra A of observables, the observables also must be
invariant under the symmetrizations. Therefore, the partial trace defined as the formalism of non-identical
particles is no more valid. It was the motivation of Ref. [13] to introduce the symmetrized partial trace, and
also the motivation of Refs. [4, 5] to suggest the concept of restrictions to subalgebras as the replacement
of particle trace. Therefore, it is natural to ask about the relation between the symmetrized partial trace
and subalgebra restriction. Indeed, one can show that the restriction to subalgebras is equivalent to the
symmetrized partial trace for the case of identical particles.
Instead of a Hilbert space H and linear operators acting on it, quantum systems can be described with
an abstract algebra of physical observable, i.e., C∗ algebra, in which the algebra A and state ω describe
a given quantum system. By Gel’fand, Naimark, and Segal (GNS) [34] construction, the data (A, ω) can
reconstruct the corresponding Hilbert spaceHω. The relation between Hilbert space and GNS representation
of quantum physics is listed in the following table.
Hilbert space GNS
observables O(= O†) α ∈ A
state ρ (Trρ = 1 and ρ = ρ†) ω
expectation value 〈O〉ρ = Tr(ρO) ∈ C ω(α) ∈ C
For a more thorough explanation on GNS construction, see Refs. [4, 5].
In the GNS construction, the notion of partial trace can be replaced with the restriction ω0 := ω|A0 of
a state ω on A to a subalgebra A0. Suppose ω is represented as a density matrix ρω, i.e., ω(α) = Tr(ρωα)
(α ∈ A). Then for a subalgebra A0 of A, we can define a restriction of ω to A0 as a state ω|A0 : A0 → C,
i.e., from α0 (∈ A0) to ω|A0(α0) so that
ω|A0(α0) = ω(α0) (15)
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holds [4]. A simple example is a bipartite system of non-identical particles A and B in the Hilbert space
H = HA⊗HB. For a given vector state |Ψ〉(∈ H) and the subalgebra A0 = {α0 ∈ A|α0 = KA ⊗ IB} (KA is
an observable on HA), we can see that the following equality holds:
ω|A0(α0) = TrHA(ρAKA) = TrH(ρα0) = ω(α). (16)
where ρA ≡ TrHB (ρ). For this special case, the reduced density matrix ρA is equivalent to the restriction of
ρ to A0.
However, when particles are identical, a single particle observable is not included in a single Hilbert
space H(1) in the total Hilbert space H. Along with the permutation symmetry of identical particles,
the observables also must be invariant under the permutations of single Hilbert spaces. As pointed out
in Refs. [4, 5], this permutation symmetry of observables causes the discrepancy between the subalgebra
restriction and the traditional form of partial trace that is valid for non-identical particles. Hence the
authors of Refs. [4, 5] claimed that (instead of the partial trace) the restriction of states to subalgebras is
appropriate for analyzing the entanglement of identical particles.
On the other hand, we can see that the newly defined symmetrized partial trace of identical particles
plays the role of subalgebra restriction.
Theorem 1. The symmmetrized partial trace for identical particles maps a density matrix ρ and a state ω
on the algebra A to the restrictions ρ0 and ω0 on the subalgebra A0 defined in a subsystem S, i.e.,
ω|A0(α0) = T RS(ρ0α0) = T R(ρα0). (17)
Proof. First, we will show that Eq. (17) holds for the simplest case, i.e., (N,n) = (2, 1). Suppose a subalgebra
A0 divides the wave fuctions Ψi into two parts, i.e., Ψa and Ψµ (states with latin indices form a complete
orthonormal basis set of the subsystem L and those with greek indices form a complete orthonormal basis
set of the subsystem R. Ψa are rotated to each other by operators in A0). Then an observable α0 (∈ A0)
for 2-particle states in A is written as
α0 =
∑
a,b,µ
αab(|Ψˆa〉 ∧ |Ψˆµ〉)(〈Ψˆb| ∧ 〈Ψˆµ|)
≡
∑
a,b
αab|Ψˆa〉〈Ψˆb| ∧ IˆR. (18)
For a given state |Ψ〉 =
∑
c,µ ccµ|Ψc〉 ∧ |Ψµ〉, we have
T RR|Ψ〉〈Ψ|
=
∑
c,d,µ,ν,ω
ccµc
∗
νd〈Ψω| · |Ψˆc〉 ∧ |Ψˆµ〉〈Ψˆν | ∧ 〈Ψˆd| · |Ψˆω〉
=
∑
c,d
(
∑
ω
ccωc
∗
ωd)|Ψˆc〉〈Ψˆd| ≡
∑
c,d
Xcd|Ψˆc〉〈Ψˆd| ≡ ρL. (19)
Then
T RL(ρLα0)
=
∑
a,b,c,d
αabXcd〈Ψd|Ψa〉〈Ψb|Ψc〉 =
∑
ab
αabXba (20)
On the other hand,
T R(α0|Ψ〉〈Ψ|) =
∑
a,b,µ
c,ν,d,ω
αabccνc
∗
ωd〈Ψˆω| ∧ 〈Ψˆd| · |Ψˆa〉 ∧ |Ψˆµ〉
× 〈Ψˆµ| ∧ 〈Ψˆb| · |Ψˆc〉 ∧ |Ψˆν〉
=
∑
a,b
αabXba, (21)
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hence Eq. (17) holds for (N,n) = (2, 1) case. The extension of this method to the general (N,n) case is
straightforward.
In the above proof, one can see that possible states for a given subsystem (which is determined by the
implementation of detectors) determines the selection of subalgebra in GNS representation. This means
that the detector dependence of entanglement is equivalent to the subalgebra dependence of entanglement
mentioned in Ref. [5].
Since the computation of symmetrized partial trace is a straightforward process, it is more convenient
to obtain the same reduced density matrix for a set of identical particles using the method of symmetrized
partial trace than using the subalgebra restriction technic 2.
5 Conclusions
We have discussed the concept of symmetrized partial trace in three types of formalisms, i.e., the first
quantization language, exterior and elementary symmetric product (which correspond to the no-labeling
approach), and the subalgebra restriction in the GNS representation. Our current work bridges several
viewpoints that use different languages to understand the quantum correlation of identical particles. We
also expect that it can be applied to the entanglement properties of quantum field theory (e.g., Tomita-
Takeshaki theory [35–37] and symmetric product orbifold CFT [38]).
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